
 
MaximumPrinciplefor Fensors

The version discussed now is applicable to 2 tensors curvature 4 tensor

and moregeneraltensors satisfying heat typeequations

TIFP IT V Mh be a rank r real vectorbundle w Mclosed

and having atime dependentmetricg t

Let hbea fixedbundlemetric on V and FLH be a time dependent

connections compatible w h i e

h air h FH Uir h u xH̅ v f Xtream ureter

The time dependent Laplacian is

Δ trg x ̅ Dox ̅ w

PH P VOA'T P V AM M is definedusingtheconnection

t and the LeviCivitaconnection D f writg t

t U x TH XU α 4 DHx2

i e ID isjust a connection on V0 M definedbythe productrule

so I o T f r F IVOR'M r V M M

Let PEM and tf O T we can express theLaplacian at Pitt asfollows

If 810 is a path in M there v10 EM V8 o is parallelalong
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Of o b along 8 w V o V

So if S p Up is a givenvector we canextend S p to asection

s of V over a small nod Uspby paralleltranslatingS p along
any geodesic 8 emanating fromP

For anysection Ue V we can write U fU's w Sx a

basis of local sections which are obtained from parallel

transport So ΔU P 2442 p Sa p

so we can talk about the heattypeequationsforsectionsof V

for a family of sections u t r V it satisfies a heattype
equation if

1 ΔU That F Uit

where X t is a timedependent v f on M and F Vx OT



just like the case of scalars we consider the system ofODE
on thefiber Un IT_ x corresponding to theeg about as

1 Fu U t where Fe 2 110 T be

Def invariance underparalleltranslation let PCU be a

subsetand Px PNUsefor x M Wesay that P is invariant

under paralleltranslation if path 8 Ob M andvector

vePyro theunique parallelsection V r Npp re 0lb along

8 5 w v10 v is contained in P

Tha Max principlefor tensors
Let KCU be a closedsubsetof 2 which is invariant
under parallel translations w r t V41 E O T and convex in

thefibres i e Ka is convex RE M Suppose F Uit is

continuous in Uit and is locally Lipschitz in u Suppose that

K has the property that forany toe O T and U to E Kr
the solution Ult te to T to the ODE

1 F U



remains in Kx Then
any

solution Unit definedfor seeM
and te O T to the PDE

2 ΔU it a Fluit

which starts in FL at 2 0 i e U no e Kx FreeM remains

in K V Z e O T

Remark intersectionof twoclosed invariant underparallel trams

fiberwise convexsets K andK2 is closed inv under I fromlation
and fiberwise convex

Understanding theassumptionsofthetheorem

Suppose I is the trivial linebundle MXIR M

the inv underparalleltranslationof K corresponds to theinterval

Ci Ca being independent of REM

Convexity in fibres no C C2 convex in IR

In thefollowing it'll beuseful to keepin mind the case when

U Rm 1 T'M A T M and Rm is viewed as a self adjoint
operator on A T M So e g below V AT'M s A TM



In all our applications the v b will be of theform V W sW

w W another v b Using the metric 2 E W V Endselfagent

now suppose that U EVp for some peMand
8 011 M w 810 p

If it is the unique parallel lift of 8 s t it 10 6

Suppose we Wp is an eigensectionof U i e De IR
U w Aw

Letw̅ be the unique parallel lift of w w in10 w

Claim in is an eigensectionof it withthe same eigenvalue 7
proof x ̅ Iii w̅ o I w̅ Nw constantalong 8

and at 0 U T o diolo

so if r rank w and UEUp let
1 u to a be the orderedeigenvaluesof u

consider the set

ti d ER d z dr

If we wrt Wp are unit eigensectionsof Ue Vp corresponding
to 1 do ni e U If daWa wa theregenereany



path 8 0,1 M w r o p let Eva 10113 W be the

uniqueparallel lift of Wa w Walo Wa Then

ñ E daina Toa

is a parallel lift of 20 w I 107 6

dalie dalu a L r

homme Criterion for invariance under paralleltranslation
Suppose G P IR is a function If CEIR and

K new G t.cat Areas c

Then the subset K CD is invariant underparalleltranslation

for convexity of sets like K we just show that

U o G d u dr147 is a convexfunction

e.g The subset JL UED dalu 20 a L r i e

the coreof non negative tensors is invariant underparalleltransla

Lion

Remarks sumof convexfunctions is convex If f is convex their
f is convex if α 0 f convex so is ft pe 7 a



mainapplication

Rm 12TH 12TH Rm eMCV V Sym AM

OtRm ΔRm Rm Rm

The associated ODE is

17M MFM

Thm.CHami.tn If Mg t is a RF whosecurvatureoperator

is positive negative initially then it remains soalongtheRF


